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Abstract 
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1 Introduction 

The classical Malliavin calculus is based on the notions of gradient and divergence operators 
in a Hilbert space setting. The gradient operation deals traditionally with the directional 
derivative of real or Hilbert space valued random variables in the direction of elements of the 
Cameron-Martin space and the divergence operator is introduced by duality with respect 
to the gradient operator. This setup, centered around separable Hilbert spaces, has proved 
to be a powerful tool in solving many problems. However, it needed to be extended in 
several cases, whether in stochastic analysis on manifolds ([6], [7], [4]), in the analysis on 
abstract Wiener spaces, ([8], [14], [18], [16]) or in considerations associated with extending 
the Malliavin calculus to include measure preserving transformations of the Wiener path 
([9], [22]). 

Let {W,H,fi} be an abstract Wiener space (cf. next section), let {ei}igN be a smooth 
ONB in H and {rfi}i^fi a sequence of i.i.d. N{0, 1) random variables on the Wiener space. 
Then, by the Ito-Nisio theorem ([12]) Yn = J2i '^i^i converges in W and the limit, say Y, is a 
measure preserving transformation on {W,/x}. There is no reason to expect that in general 
the difference Y{uj)—u will be H valued (indeed, Y{lo) = —u} is one such counterexample). 
Moreover, for a collection Yt = Y^'^ of such measure preserving transformations, 

{dYt / dt)t=o even if it exists, need not be i?- valued. Consequently, the analysis of measure 
invariance (and related) flows on Wiener space requires the study of VF-valued, rather than 
only Cameron-Martin, vector fields ([2], [9], [5], [22]). 

In this paper we (a) extend the domain of definition of the divergence operator to include 
Banach space valued random variables and derive the main properties and representation of 
this extension and (b) apply the results of the first part to the analysis of flows on Wiener 
space. 

In the next section we first summarize the background and notation for later reference. 
Differentiation of random variables is generalized by stipulating differentiability subspaces 
other than H, smaller or larger, yielding Sobolev spaces which respectively contain or are 
contained in the standard ones Bp,i. 

In Section 3 we extend the domain of definition of the divergence from iJ-valued to 
appropriate VF-valued, and even VF**-valued, random variables. The main properties of 
the extended divergence are derived and Shigekawa's decomposition [17] of the domain of 
this divergence into exact and divergence- free subspaces of "integrands" is shown to hold 
in this generalized setup as well. In fact it turns out that it is the class of divergence-free 
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integrands which is extended but not the class of exact integrands. 

The classical divergence also operates on H^^, the Hilbert-Schmidt operators on H. 
Section 3 also contains its extension in this case to random operators from W* to an 
arbitrary Banach space Y. This construction is then applied in Section 4 for Y = W** (in 
this case operators from W* to W** can be seen as bilinear forms on W*) to derive the 
representation of any divergence-free integrand as the divergence of a random antisymmetric 
bilinear form on W*. In [17], Shigekawa constructed a general setup for i7- valued differential 
forms on Wiener space and derived the H Hodge-Kodaira theory for this setup. Our results 
constitute an extension of this theory beyond H, restricted to forms of order 1 (VF**- 
valued random variables) and of order 2 (random bilinear forms on W*, not necessarily 
antisymmetric). 

Section 5 starts with an introduction to measure preserving transformation of Wiener 
space. The results of Sections 3 and 4 are applied in Section 5 to derive new results 
concerning flows generated by VF-valued vector fields, extending the results of [9] and [22] 
on measure preserving flows to general flows. 

Section 6 deals with (a) The notion of adapted PF-valued vector fields and conditions 
under which the flows they generate are adapted and (b) The relation between the flow 
equation of Section 5 and a class of scalar valued partial differential equations motivated 
by the non-random case introduced by P-L. Lions in [11]. 

In some of the results presented in this paper it is required that a I^-valued random 
variable, say ^(a;), or a collection of such r.v.'s, have the "representability" property that 
for some orthonormal basis {cijigN of H whose elements are in W* 



(the dual use of both as an element of W and of W* will be further clarified later) . 
The representation (1.1) of u will obviously hold if {eijigN is a Schauder basis of W, but it 
might still be valid even if W does not possess such a basis. Note that if u is representable 
in this sense, and if T : W ^ W is measurable with T*/i ^ fi, then so is u o T. Finding 
appropriate conditions under which a I^-valued r.v u is representable as in (1.1) seems to 
be delicate. 




a.s. or in -Z/(/x) 



(1.1) 



Acknowledgement: We wish to thank A.S. Ustiinel for some uselful discussions and for 
calling our attention to reference [11]. 
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2 Preliminaries 



In this section we first recall some notions of stochastic analysis in abstract Wiener space, 
as well as the Ornstein-Uhlenbeck semigroup and its generator, the number operator. In 
the second part we generalize the notion of subspaces of differentiability to other than H. 

2.1 Notation and Generalities 

The basic object in this paper will be an (infinite dimensional) abstract Wiener space 
( W, H, n) , based on a separable Banach space W with a densely embedded Hilbert space 
H, and a Gaussian measure /j. on W under which each I G W* becomes an iV(0, \h\'jj) 
random variable. The embeddings i : H and i* : W* H will not always be written 

explicitly; thus, for example, an element e G W* will also be considered to be an element 
in i7 or in W^, the distinction being clear from the context, as for example in (1.1). 

In H, the inner product is denoted by (•, and the notation | • \h for the norm in H 
has already been used in the previous paragraph. An orthonormal basis (ONB) £ = {ei}^ll 
of H will be said to be smooth if G W* for all i. The norms in W and W* are || • ||^^ and 
II • llj^, respectively, while the natural pairing between IgW* and wGW (resp. between 
w** G W** and / G W*) is denoted J^w, l)^^ (resp. ^(J,, w**)^_^J. Any of these subscripts 
may be omitted if no confusion arises. 

We recall the canonical zero-mean Gaussian field {5h, h G H} whose correlation is given 
by H's inner product. In particular, Sl{uj) = ^{u!,l)^^ a.s for every leW*. For l<p<oo, 

LP{fi) or LP{W,fi) will denote LP{W,!F,ij,) where := a{6h,h G H), the sigma-algebra 
generated by the canonical Gaussian field. The same applies to L^di-jY) for any other 
Banach space Y. 

The space of bounded linear operators from a Banach space X to a Banach space Y is 
denoted L{X, Y) equipped with the operator norm ||^||^^-^ =sup{||Ax||y , \\x\\-j^ < 1} and 
L{X) :=L(X, X). The space of bilinear forms on a Banach space X is denoted M2{X) and 
is equipped with the norm ||r||j^^^^-^j =sup{|r(a:;,x')|, x,x' EX, ||a;|| = ||x'|| = 1}. 

The reader is assumed to be familiar with the basic notions of the Malliavin calculus, 
i.e., the gradient V and the divergence S applied to the Sobolev spaces Bp^^ (V : Hp^k 
^p,k-i{H) and 5 : Dpfc(i7) — Dp^fc_i). We will however be somewhat more explicit about 
the Ornstein-Uhlenbeck semigroup and conclude this subsection with a summary of some 
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of its associated facts as needed in later sections (cf., e.g., [18], [19], [15]). 

Let {W,H,i2) be an independent copy of {W,H,i2) and / G LP{W,ij,). The Ornstein- 
Uhlenbeck semigroup on L^'(/x), p > 1, is defined by the Mehler formula 

Ttfiu) = E^f (e-'u + Vl - e-2* (2.1) 

where Ey\/ denotes the conditional expectation conditioned on W. The family {Ttjoo is a 
contraction, self-adjoint semigroup, whose infinitesimal generator —C satisfies 

(1 + £)-^ = -— / tP-^e-%dt . (2.2) 

r(a) Jq 

Consequently (1 + C)~^, /3 > 0, is a bounded operator on Lp(/x) for every /3>0. Moreover, 

(i) Since Tf is self-adjoint, so are {1+C)~f^ , P > 0, and C; 

(ii) £ = SoV on Bp,2; 

(iii) V(l + C)~2 is a bounded linear operator from LP{iji) to LP{ii] H) for any p G (1, oo); 

(iv) {l+CfVf = VC^f for all real /? and every /eDp,i with Ef = Q. 

The definition of Tt can be extended to /'s taking values in a separable Banach space 
Y for which £'||/||y<oo (i.e. to U'{iJi;Y)) in which case the expectation in (2.1) is defined 
as a Bochner integral. Formula (2.2) and the boundedness of (1 -|->C)~^, /3>0, remain true. 
The Ornstein-Uhlenbeck semigroup Tt for y-valued and real valued functions are related 
via 

TtJ,f{u),e\, = J,Ttf iu;),el, for all feI/{fi;Y), eeY*, (2.3) 

In particular, if a{Lo) is representable in the sense of (1.1), then 

Tta = '^Tt{a, ei)Q ei 

i 

and similarly for JC, etc. Moreover, (i) — (iv) ,under obvious modifications, remain true. 
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2.2 Stochastic Differentiation 



Let 

Sn = {^ = <p{5h,...,6ln)\lieW*, i = l,...,n, (2.4) 
For any $G(S„ represented as in (2.4), its gradient is the W*-valued random variable 

V^ = Y, ^{5h,...,5ln)li, (2.5) 

i=l * 

and this definition can be easily seen not to depend on $'s particular representation. Denote 

oo 

5 = U 5„. (2.6) 

n=l 

The classical Sobolev completion of S yields a space of functionals differentiable along 
H. In fact, other Sobolev spaces can be obtained by considering different subspaces of 
differentiability. Given a Banach space (Z, || H^) continuously embedded in W (the elements 
of Z will be the directions of differentiability; cf. Remark 2.1 below) VF* C .Z^* and V$ can 
be viewed as being Z* valued; indeed 

(z,V$(a;)) -^{5h,...,6ln)J,z,k) (2.7) 

i=i 

Thus for all $ G 5 and p e [1, oo) consider the Sobolev norms on S 

= (ll*lli.(,) + l|V$||i.(,^^.))^ (2.8) 
and denote iS's completion according to this norm by Bp i- 

Example: The Hermite polynomials Hn{x) = j ' n = 0,1,2,... 

satisfy EHn{X)H„,{X) = 5n,m forX~Ar(0,l) and H'^ = ^Hn~i forn = l,2,.... 
Given an ONB of H, and by Levy's criterion, the sequence of random variables = 

Yln=i ^logn ^ converges in and a.s. to, say, a and Va^ = Yln=i H2n~i{5en)en. 

This i7-valued sequence does not converge in L?{ij,\ H); If, however, for the case where the 

W space is the completion of H under the norm \\u\\^ = (^i\^{u,ei)f^^ or \\u\\\y = 
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IIQull^ where Q is a Hilbert-Schmidt operator on H, Va^ converges in W. Therefore, in 
this case a G I]>Yi but a ^ ^21- More generally, for any abstract Wiener space, W, we can 

w* 

embed a Wq of the form defined above, i.e. H C Wq C W, and then a G B2 1 ■ 
Remark 2.1 In view of (2.7) it is natural to think of V$ being characterized by 

^{z, V$(a;))^. = hm 

in some sense, however ^{uj+ez) is meaningless unless zGiJ or $ is sufficiently regular. For Z(^H, 
thus, the space ^ consists of functionals which may be "too regular" to bo interesting in some 
applications. However, at the present they seem to be needed for the construction of flows on Wiener 
space as will be seen in Section 5. 

It is straightforward to verify that S is dense in L^{l-t) and that the operator V is 
closeable with respect to || ||p,i;Z, with domain S C LP{p) and range in L'p{^]Z). The 
space Bp ]^ can thus be taken to be a dense subset of L^di), and V has natural bounded 
linear extension \f : — > LP{n;Z*). When no confusion arises, V's superscript may 
be omitted. In particular, if Vn is the space of random variables obtained when C^(M") is 
replaced in (2.4) by the family of polynomials in n variables, and V = \Jj^Vn, then T-'CB^i 
and (2.5) still holds for any ^eP. 

If {Zi, II ll^i) CL,{Z2, II 11^2) then ||$||p,i;Zi < ||^||p,i;Z2 ^^nd is continuously embedded 
in In particular Dp_i = B^]^ is the classical Sobolev space in the Wiener context, and 

is a larger space consisting of Wiener functionals "differentiable only along the W* 
directions" . 

Finally, differentiation can also be defined for random variables taking values in a separable 
Banach space Y. Let S{Y) (resp. V{Y)) be L°°(y)'s subset of elements having the form 
F = J2T=i^iyii where m G N, $i G »S (resp. V) and yiEY, i = l,... ,m. The gradient of 
such an F is defined to be 

m 

VF = ^V$i®yi eL^{fi;L{W,Y)). 



(Here W*iS>Y is embedded naturally in L(W, Y) by setting {I (gi y)w = {w, I) y). We then 
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define, for a given W* (Z^ Z (Z^W as above, [1, oo) and FeS{Y), the Sobolev norms 

\\F\\p,l;Z = {\\F\\Ip(^,.y) + \\^^\\lp{h;L{Z,Y)))'' 

and Dp j^(y) will be 5(y)'s completions according to these norms. The same monotonicity 
relations hold in the differentiation space Z as in the scalar case, and V can be extended 
to a bounded operator : B^^(y) U'{ii; L{Z, Y)). 



3 The Divergence Operator 
3.1 The Divergence of H^-valued r.v.'s 

The standard definition of the divergence introduces it as an operator on suitable iJ-valued 
random variables (cf. e.g. [13], [19]). We now wish to extend it to VF-valued random 
variables. In fact, with no extra effort, the same definition will also apply to VF**-valued 
random variables, one advantage of which is pointed out in Remark 3.15. 

Definition 3.1 For p £ [l,oo) the space domp6 C LP{p;W**) is defined to be the set of all 
V £ LP{fi;W**) for which there exists a random variable dv £ LP{ij,), the divergence ofv, 
such that, for all $ G 5, 

E {V^,v) =EMv. (3.1) 

In particular, 

Ebv = Q V?;Gdomp(5. (3.2) 

Moreover, it follows form the LP duality theory (and <S's density in J-P{}i)) that a necessary 
and sufficient condition for v^Aom^b is the existence of a finite positive constant 7 = 7(w) 
such that for all $ G 5 

< im\L.{p.) (3.3) 

where q is p's conjugate exponent, | + | = 1, in which case is the best possible 

constant 7 in (3.3). In fact, if p> 1 and i;Gdomp5, (3.1) and (3.3) will actually hold for all 
$GD^i, in particular for ah $g7^. 

Remarks 3.2 a) The operator b and its domain domp5 are classical objects in the context of 
i?-valued random variables. Obviously, if in our setup v happens to take its values in H a.s. (in 
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E 



(t;,V$) 

w w 



which case the pairing in (3.1) and in (3.3) become {v,V^)h) the definition of 6 reduces to the 
classical one. 

b) There are no new deterministic elements in domi5. Indeed, assume that a (deterministic) v€W** 
belongs to domiJ, that is, satisfies (3.3) for all $€5 andp= 1. For each / e W* denote ^i — (p{6l) G S, 
for some fixed (^eC^(R), strictly increasing, (e.g. (p(a;) = arctan(.x)) so that a := E(p'{Z)>0, where 
Z~iV(0, 1). For these test functions, ^^{'V^i,v)^_^^=(p'{dl)^^{l, v)^^^, and it thus follows from (3.3) 
that 

<*<oo. (3.4) 



sup 

lew, \i\h=i 



w*^ 'w* 



This implies that v can be extended as a bouned linear functional on H, i.e. vgH. In other words, 
there are no deterministic elements in W, or even of W**, that possess a divergence without being 
in H, and thus already having a divergence in the classical sense. 

In view of Remark 3.2b) one might wonder whether there are any non H -valued elements 
in donii(^ at all. The following example answers this question affirmatively. 

Example: For a given ONB {cj} in H, let 

V = {Se2)ei — ((5ei)e2 + {664)63 — {663)64 ± ... 

By the Ito-Nisio theorem, v{io) is a measure preserving transformation of u) and thus isn't 
supported on H. We claim that v possesses a divergence, which moreover is a.s. 0. This 
follows from the obvious fact that 6 [ {662k)e2k-i — {6e2k-i)^2k ] = for all keN, and from 
Lemma 3.4 below which extends this equality to the infinite sum. 

It is interesting to note that, on the other hand, v{uj) = 00 = J^i^i ^(^i) which is (trivially) 
a measure preserving transformation of lo as well, does not have a divergence. 

Lemma 3.3 Let aeH^i vedompji^ ^^^p = ^+^- Then avedomp6 and 

6{av) = a6v — ^^(Va,u)^^^ . (3-5) 

(As observed in Remark 2.1, the family of ct's allowed in this lemma is only slightly more 
general than S. This result will be applied in Lemma 3.17 at the end of this section). 

Proof: For every $ G 5 

E {V^,av) = E {aV^,v) =E {V{a^),v) -E ($Vq;,w) 

= E{a<^6v) - E^^^CVa, v)^^^ = E<t [a6v - ^.(Va, v)^^^ 



which proves the result. □ 

Lemma 3.4 Letpe[l,oo) and Cdomj,(5. // 

i) Vn:;^^ V weakly in L'P{ij,;W) and 

ii) {6vn}^=i is bounded in LP {/J,) , i.e. 3M<oo such that ||5f„||ip(^) <M for all n, 
then vEdonipS and Svn Sv weakly in U'{fj,). In particular \\6v\\j^p^^^ < M . 

Proof: Clearly v&LP{ii;W). Defining q as usual by i + i = l, 

EjVn,V^)^,\ < \\SVn\\Lr'(,,)\mL'>{,.) < Vn G N, V$ G 5, 

SO that by {i) v satisfies (3.3) and thus ve dompS. Moreover, for every $G(S, 

E^dv = E ('y,V$) = lim E (u„,V$) = lim E^Svn- (3.6) 

Since S is dense in L^(/i) and is bounded in L^(/i), the end terms of (3.6) are 

equal for all $ G L'^(//), in other words ^^3;;;;^ weakly in L*'(/x). □ 



Corollary 3.5 0^^(14^**) C domp(5 and S : B^^{W**) — > LP{ii) is a bounded linear 
operator. 

Proof: Recall that S : ^^^{H) LP^jj) is a bounded linear operator, i.e. there exists a 
finite constant C such that < C|$|p,i for every $gD^i(-H'). 

Let F e B^^{W**). By definition there exists a sequence (F„)„ C S{W**) such that 
F„ — > F in D^^(W**). With no loss of generality we may in fact assume for each n that 
||-^^n||p,i < \\F\\p,i and (since S{H) is dense in S{W**) in the || • norm) that F^ eS{H). 
Thus 

||<5FJL.(,) <C|FJ^,, <C||FJ|^,, <C||F||^,, Vn, 

so that by Lemma 3.4 (obviously F^ ^ F weakly in LP{ji)) we conclude that F G dom^iJ 
and that ||5F|L„, , <C||F|| □ 

II III/P(n) — II llp.l 
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In some cases we have the fohowing convenient approximation. Given a smooth ONB 
6 = {ei}'^i of H assume veU'{fi;W) has the representation 



oo 



u = ^ aiCi (3.7) 



1=1 



that is, 'i; = Um^^^'i;(n) in VF), where 'y(n) = ^"^]^ ajCi. Note that = ^(w, Cj)^^ G 

LP{iJ,) for each i, so that it is possible, for each nGN, to define the ii"-valued projections 



Vn = w„ 



J2E{ai\J^n)e^ = E{v{n)\J^n) (3.8) 



where JF„ = .T^f = a{Sei, . . . , Scn), the sigma-algebra generated by 6ei, . . . , 5e„, and the 
conditional expectation on the right is for l^-valued random variables. 

Proposition 3.6 LetpE [1, oo) and assume that vEdouipd is represented as in (3.7). Then 

i) lim„^^u„ =v in U>{n; W) 

ii) u^GdompJ and 5vn = E {5v\j^n) 
Hi) lim^^^ 5vn = Sv a.s. and in LP{lj). 

Proof: The first claim follows from 

lb -'"nil < Ik - -E' (?^|-^«) II + ll-E^ - ^'("')|-^n)|| 

< \\v - E {v\j^n)\\ +||t;-t;(n)|| . (3.9) 

The first term converges to zero by the (M^-valued) martingale convergence theorem, 
while the second term does so by assumption. 

Next, note that E ($|j^n) for an arbitrary and VE ($|j^„) =E (V$|j^„). Then 

E {vn,V<^) , = E {v{n),E{V<^>\j^n)) , = E {v{n),V E , 

= Ejv,VE ($|j^n))^. = E {6vE{^\j^^)) =E{E {Sv\j^n) ^) 

which proves (ii). 
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Finally (iii) follows from (ii) by the martingale convergence theorem applied to Sv^ — 
E {^5v\j^n) in both the a.s. and senses. □ 

In Section 5 we shall need the following extension of the Proposition's first statement to u's 
parametrized by some positive measure space {1,1, A). 

Corollary 3.7 For a given pG[l,oo) assume that vt{u!)eIJ'{IxW,XxiJ,;W) satisfies 



hm / E 



i=l 



d\{t) = 



w 



for some smooth ONB £ = {ei}^-^ of H (with = J^ei,vt)^J. Then 



J, 



lim / E 

n— »oo 



Vt - ^E {ai^\j='n) ei 



i=l 



dX{t) = 0. 



w 



Its proof essentially repeats the one of Proposition 3.6i) except that one must add a domi- 
nated convergence argument (to the integral over I) for the first term in (3.9) 's appropriate 
extension to converge to zero. 



Definition 3.8 Letpe[l,oo). 

a) An element wGdomp5 is said to 6e divergence-free if 6v = 0, i.e. if E^jy^,v)^^^=0 
for all $G<S. The class of all such divergence-free is denoted by dom°(5. 

b) An element u ^ (fi; H) C LP {n; W) is said to be exact if there exists a ^fGO^x such 
that u = V^. This class of exact H -valued random variables is denoted Le{fJ-;H). 

Lemma 3.9 Letp&[l,oo). 

a) IfuEdonipS then (I+JC) ''n G dom°(5 for every P>0. 

b) dom°(5nL§(/x;i/) = {0} 

Proof: a) By (2.2) (l + £)-^u G LP{ii;W**). By (2.2), (2.3) and T^'s self-adjointness, 
for any $ = ^{8ei, 6en) e S, V$ = ^i^i e S{W*), (here = §^i6ei, 5e„)), 



12 



and 



1 /-oo ^ 

E jV$,(l+>C)-^n) ^^ = -—E t^-V* jTtu,S2<piei) Jt 

"1 /"OO ^ 



((i + i:)-'^v$,w) 

E^jyC~l^^,u)^^^ (by (iv) in subsection 2.2) 

= 0. 



b) If u = V* and 5^ = 0, then = (5V* = >C*. Thus * = a.s., so that 'u = 0. □ 

The following proposition essentially states that the only "new" VF-valued vector fields with 
divergence are divergence free. 

Proposition 3.10 LetpE [l,oo). Each vE domp(5 can be uniquely decomposed as a sum 
v = v^+Ve where is divergence free and Ve is exact (with divergence). Equivalently 

douipd = dom°(5 mdi; H) n donipj) . 

Proof: Let dom^iS. By (3.2) and the remarks following (2.2), Ue = V {^C~^5v) is a well 
defined element of -Lf (^u; H)r\dom.p6. In order to prove the decomposition, we need to check 
that := [v — Ve) G dom°(5. Indeed, as remarked above, Ve G douipd. Moreover, by (ii) of 
subsection (2.1), 

5v^ = 5v-5V {jC-^Sv) = 0. 
The uniqueness follows directly from Lemma 3.9b. □ 

Remark 3.11 Heuristically, vector fields which possess divergence generate flows. This will be 
formalized, under appropriate assumptions, in Section 5 noting in addition that the flows generated 
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by divergence free vector fields are measure preserving ("rotations") while those generated by H- 
valued vector fields ("shifts") have been already studied, for example in [3], [16] and [21]. What 

Proposition 3.10 suggests is that a general vector field which generates flows can be decomposed 
into a "rotation" generating component and a "shift" generating component. 

The formula for the classical divergence's second moment has its counterpart for W- 
valued variables as well, but since it involves operators and their divergence, it is deferred 
till the next subsection (Lemma 3.17). 

3.2 The Divergence of Operator Valued r.v.'s 

In the next section divcrgcncc-frcc vector fields will be characterized as the divergence of 
an antisymmetric operator. This is, at this stage, only a formal declaration. The remainder 
of this section is dedicated, therefore, to precise what is meant by the divergence of an 
operator and to present some of its properties. 

Indeed, the classical divergence is defined for random variables taking values not only in H 
but in iJ's tensor powers as well. Thus, for example, the divergence 8 A of a random Hilbert 
Schmidt operator A(a;) in H is characterized by 

E{A,VF)^,=E{5A,F)^ yF^S{H). (3.10) 

Here (A, B)^2 = trAB^ = X^^i(Aej, Bei)^^ (for any ONE {e^}) is the natural inner 
product of two Hilbert Schmidt operators on H. 

The random operators we wish to generalize the divergence 8 to will have W* as their do- 
main and a fixed arbitrary Banach space as their range (instead of R as in subsection 3.1). 
To carry out this generalization, recall first the definition of the trace tr T of an operator 
TeL{W*,W**), namely T.'Zi ^iei,T^ei)^„ if this sum exists for every smooth ONB (e^) 
of H, and is the same for all such bases. In particular, every finite rank operator from 
W* to W** has a trace. 

Henceforth, Y will be a fixed Banach space, [1, oo) and i + | = 1. 

Definition 3.12 Define domp = dompfj to be the set of all K G LP(/i; L(VF*, F)) 
for which there exists a SK.^LP{^;Y), the divergence o/K, such that 

Etv (^K^V^>) = EJ,6K, F)^^ (3.11) 
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for allFeS{Y*). 



Remark 3.13 In (3.11), V^'-F has finite rank a.s., so that its left hand side makes sense. If K 
itself has a deterministic finite dimensional range, (3.11) will also hold for all f elD^i (^*)- Indeed, 
both of its terms pass to the limit when F„ (F„ e<S(F*)). 

The uniqueness of SK is a consequence of S'(y*)'s density in L'^{iJ,;Y*). Moreover, if 
K G donip YS and Y is continously embedded in another Banach space Yi, then (3.11) 
obviously holds for all F £S{Yi) CS{Y*). Thus dompyS CdonipY^5 and SK is the same 
y-valued random variable whether K's range is taken to be Y or Yi. That is the reason 
why it isn't necessary to include the subscript Y in the notation of 6. 

Just as in the scalar case a necessary and sufficient condition for K G donip^y^ is the 
existence of a finite positive constant 7 = 7(K) such that for all F&S{Y*) 

\Etv (k^V^>) I < 7l|i^llL.(M;Y*) (3-12) 

in which case ||5K||j;,p(^.y) is the best possible constant 7 in (3.12). 

We denote dorrip^ = dom^ 5. Indeed, in Sections 4 and 5, Y will typically be W** 
and together with SK. we shall need to consider SKT' as well. (By a slight abuse of no- 
tation, actually stands for |^J. Recall that L{W*,W**) can be also seen as the 
space M2{W*) of bilinear forms in W*, and in this interpretation, K-^(Zi, Z2) =K(Z2, h))- In 
particular, then, 5's domain contains in this CclSGj ctS stated in the abstract. 

A useful connection between this divergence S and its scalar counterpart 6 is the following 

Lemma 3.14 An element K G L^di; L{W* ,Y**) belongs to doiUp Y** S if and only if 
G douipS for every l^Y* C Y** and for some C > 

||5(K^Z)||,,(^)<C||/||^. VZey*. (3.13) 

In this case 

5{K'^l) = Jl,SKl,, a.s. (3.14) 

and more generally, for any F&S{Y*), K-^Fg donipS and 

S{K^F) = JF,SKI^^ - tr(K^\^>) (3.15) 
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Proof: Throughout the proof, V will stand for First assume that SK. exists. For any 

$G>S, leY* and denoting G = ^leS{Y*), it is straightforward to verify that 



tviK^VG) = jV^,K^ll„. (3.16) 

Then 

£;^,(V$, K^O^.. = -£^tr (K^VG) = E^^{G,SK)^^^ = E^^^{l,SK)^^^ 

and $ G 5 being arbitrary, 6(K^l) exists and (3.14) holds, from which (3.13) follows directly. 

In the converse direction, it follows from (3.13) that there exists a A^, G L{Y* , L^di)) ~ 
L^'(/x; Y**) (we shall indeed relate to Ak as an element of L^di; Y**)) such that for all l&Y* 

S{K^l) = Jl,A^l,, a.s., (3.17) 
so that, for any F = Y^f^i ^jljeS{Y*) 

m m 

EtT{K^VF) = J]trK^V($,/,) = 5]£;jV$,-,K^Z,)^.. 



Thus exists by definition and is actually Aj^, (3.17) being nothing else but (3.14). 
Turning to (3.15), and with F = ^l, ($G>S and leY*), it follows from Lemma 3.3 that 

5(K^F) = <5($K^0 = $(5(K^0-^.(V$,K^0^,. 
which proves the claim in view of (3.14) and (3.16). □ 

Remark 3.15 This lemma might shed some light on two questions concerning the role of Y** in 

general and W** in particular. First, the left hand side of (3.14) requires the (scalar) divergence 
S to be defined for random variables taking values in W**, not only in W. Secondly, the vector 
divergence SK of K (initially identified in the proof as A^) must be allowed to take values in Y** , 
not only in Y, for the lemma to hold. 



Corollary 3.16 For any p>l 
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a) B^i{L{W*,W**))cdonipS. 

h) IfvGdonipd and y&W** then u (8) y G domp5 and 6{v y) = d{v)y. 
c) Let aeH^i, Aedonip^S = Then aAedouipS and 

SaA = a5A-AV a a.s. (3.18) 

Proof: Let lew*. UKe B^^{L{W* ,W**)) it is straightforward to verify that the same 
is true for K^, and therefore that K.'^l £ B^^(W**), so that G domp6 by Corohary 3.5. 
Since l&W* was arbitrary, a) follows from Lemma 3.14. As for b), for any leW* 



^il,5v(^y)^^^ = 6{{v0yfl) = 5{^,il,y)^,v) 



= Jl,ylJv = Jl,{6vy)l„ 

which proves the claim. 

Finally for c), assume without loss of generality that a e S. and let I G W*. Denoting 
F = al, it follows from (3.15) that 

(/,<5(aA)) = S{A^F) = (al,SA) - {l,AVa) 
w w w w w w 

from which (3.18) follows, again since l^W* was arbitrary. □ 

We conclude this section with an extension of a classical second moment identity. 
Lemma 3.17 Let Gg S{W*) and uGDi^i {W**). Then 

E{8u5G) = E^IG, u)^^^ +Etv {vG ^*uj . (3.19) 

//, moreover, Vu G domi^ it will also hold that 

E{5u5G) = EJG, u)^,, +EJG, diVu)\„ (3.20) 

Proof: Clearly a := dG belongs to V, so that by Lemma 3.3 
E{SuSG) = ES{SGu) +E^^{VdG,u)^^^ 

= + E {G,u) +E {5{{VGf),u) . 
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In the last equality we have used the well known identity V(5G = G+5((VG)-^) (in which the 
third term is, in fact, VF*-valued). The identity (3.19) will then follow by applying (3.11) 
to the last term, together with Remark 3.13 (here, Y = W*). A second application of (3.11) 
yields (3.20), this time with Y = W** and thinking of G as an element of S{W***). □ 



4 Divergence— free VF— valued random variables 

In this section we study the structure of dom°(5. In classical analysis, zero-mean divergence- 
free vector fields generate rotations. On the other hand, the tangent space of the special 
orthogonal group SO{n) can be identified with the space of skew symmetric nxn matrices. 
Building on this correspondence, a W-valued random variable u was associated in [22] with 
each sufficiently smooth random skew symmetric bounded operator A(co) in H, by 

CXD 

v = Y,K^ei)ei (4.1) 

i=l 

assuming the series converges in LP{ij,; W). Here £ = {ei}'^-^ is a given smooth ONB. Under 
further smoothness and moment assumptions these W^-valued random variables (vector 
fields) were then shown in [22] to induce invariant flows in W, suggesting that they are, in 

our language, divergence-free. Note that (4.1) can now be written as v = SA . Indeed, for 
any leW*, 

oo / oo \ / oo \ 

^,{1, v)^„ = 5(Aei)(l, ei)^ =^[Y^ = ^ " ^^^^^ 

i=l \i=l / \ 1=1 ) 

T 

which by Lemma 3.14 implies that v = 5A. , since l^W* was arbitrary. 

We show here (Theorem 4.2) that every divergence-free PF-valued v can be obtained in 
this way, for some suitable skew symmetric random bilinear form A on W*. 

Lemma 4.1 Let u^Aoidl\6 he such that (Vw)^Gdomi^. Then u = —6 (Vu)^ . 
Proof: For any given GeS{W*) apply Lemma 3.17 to obtain 

E (G,u) +E (G,5(Vuf) =0 
from which the result follows, since G was arbitrary. □ 
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Theorem 4.2 LetvE LP{ij,;W**), pE[l,oo). Then v E doiripS iff there exists an A EdonipS 
with A+A'^ = such that v=SA. 



Proof: Assume first that there exists an A as stated, and let $ = ip{Sei, . . . ,Sen) G Sn- 



Then, using the notation = (x, V$) ^ for $G(S and x^W, (and similarly 



w. 

=1 



(3.14) J!^ 
= 2Z'^^ei'^(5ei,...,(5e„)(5(A'^ei) 

i=l 

n 

= E^jVae,^,A^e,)^, 
1=1 

= ^EC^V^.^A^e^.. = (4.2) 

because tr^S = for all symmetric (respectively skew symmetric) nxn matrices A and B. 
Since $ G iS was arbitrary, it follows by definition that Sv exists and is 0. 

For the converse, denote u={l + J0.)~^v which also belongs to dom°5 by Lemma 3.9a). 
It then follows from Lemma 4.1 that 

v-£{i + c)-^v = (1 + c)-^v = -(5(v(i + cy^f. 

Recalling that C = 5V, we thus have v = 5 (V(l + C)-'^v - (V(l + Cy^vf^) . □ 



Remark 4.3 Proposition 3.10 and Theorem 4.2 combined provide a unique decomposition of any 
element of AovUpS as a sum of the gradient of a scalar random variable and the divergence of a 
random antisymmetric bilinear form. This constitutes an extension of I. Shigekawa's first order 
Hodge-Kodaira theorey in Wiener space (cf [17]). 



5 Wiener space valued vector fields and their induced flows 

One of the main interests in ly-valued random variables v is the possible existence of their 
generated quasiinvariant flows. More generally, we shall consider time-dependent vector 
fields and throughout, / = [a, h\ will be an compact interval in M. 
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Definition 5.1 A measurable mapping v : IxW — >■ W will be said to generate a flow 
T = {Ts^t, s,tEl} iJT is jointly measurable and 

Ts,tiuj)=io+ [ VriTs,r{io)) dr, ys,tel, a.s. (5.1) 

l) Js 

..^ T,.,f(u;) = Ts,t(Tr,s((j)) yr,s,t£l a.s. (5.2) 

..-J Ts^t/J'^/J', where Ag^t = dTg^ii/d/j. \/s,t£l. (5.3) 

T will be said to be the unique flow generated by v if whenever S = {Ss,t, s,tEl} satisfies 
(i)-(iii) as well, Ss,t = ^s,* O'-S- for all s,tEl. 

In [3] A. Cruzeiro proved the existence of a flow for if-valued (time independent) vector 
fields whose gradient and divergence have finite exponential moments, and G. Peters noted 
in [16] that the weaker operator norm of Vv could be used in the finite exponential moment 
assumption (instead of the usual Hilbert-Schmidt norm). In [21, Section 5.3] the result of 
Cruzeiro was extended and its assumptions relaxed. 

Based on Cameron-Martin's theorem on constant shifts and its subsequent generaliza- 
tions, i?-valued vector fields are indeed natural candidates to generate quasiinvariant flows. 
However, it is obvious that quasiinvariant shifts exist which do not necessarily act along H. 

In this section we present two general results. The first , Theorem 5.3, states that 
"representable" (to be defined) VF-valued time dependent vector field {vt, t e I}, whose 
gradients and divergences satisfy some standard exponential moment conditions, generates 
a quasiinvariant flow. As such it extends [9, 22]. The decomposition of Proposition 3.10 
represent v^s iJ-shift and rotation components respectively. 

The second result, Theorem 5.7, shows that these are essentially all the T^-valued 
random variables which do so, thus providing a qualitative description of the Wiener tangent 
space. 

Definition 5.2 Let £ = {ei}'^i be a given smooth ONB of H. 

a) Denote T^ni^-^) = Yli=l J.'^ ^ > Wn = Trn{W) and fXn = T^nf^ 

(without writing the dependence on £ explicitly). Moreover, denote Tn = cr{7rn) and 
En{-) = E{- \^n)- ^ (i^ot necessarily scalar) random variable on {W,J^,iJ.) will be said 
to be cylindrical if it is J^n~Tnn,easurable for some nGN. 

b) A time- dependent vector field v = {vt} {leh x fi;W) is said to 6e iS— representable 
if there exist Vj = G L^(leb x //), iGN, such that = i^i^tej in L-^ (leb x 
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Theorem 5.3 Given a smooth ONB 6 = {ei}i^f^ let v = {vt}^f,j 6e an £^-representable 

vector field such that vt € domi(5 for all t E I, and which moreover possesses a jointly 
measurable decomposition Vt=Ut+Bt, tEl, for which 

(i) uteBi^i{H) and BteB]^j(W) with SBt = 0, foralltel 
(^^i{W) is defined at the end of subsection 2.2) 

(a) 36 >0 such that 

T„{9) ■■= E I e^^e ut\\^^^^+\5ut\] dt< oo and (5.4) 

w 

T^{0) := supE ex.-pe\\TrnV Bt\\ ^^^^-^ dt < oo. (5.5) 

n J a 

Then v generates a flow {Tg^t-, s,tE:I} with 



e^pl^J^ Svr{Tt,r)dr^ (5.6) 



d/jL 

and for all p > 1 and \t—s\ < 

E < (l + ^ ^^H{Q)VwiQ)) . (5.7) 

//, in addition, the paths t ^ Vf are a.s. continuous then the flow {Tg^t, is unique. 

Remarks 5.4 

(a) The decomposition assumed in Theorem 5.3 is not unique. In particular, it is not necessarily the 
one provided by Proposition 3.10. 

(b) It follows from (5.5) by Fatou's lemma that 

rb 

I w 

E exp^llV Bt||^(^,rft<r^(^)<oo, (5.8) 

J a 

however the proof below needs the less elegant assumption (5.5) itself. If £ is a Schaudcr basis 
of W , then (5.5) is also implied by (5.8) (possibly with a smaller 9)^ but in general this need not 
be the case. 

(c) Equation (5.4) and (5.8) actually imply that ■utGDp_i(i?) and BtGD^i(VF) for alHei and 
p> 1. However the initial assumption in (i) for p = l was needed to give meaning to ttf and 

w 

V Bt in the first place. 
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(d) It follows from (5.6) that if Vr is divergence free for all r then the flow is measure preserving. 



Before proceeding with the proof, let us recall some relevant results pertaining to jointly 
measurable time dependent vector field rj = {rit{x)}^^j on Wn as stated, for example, in [21, 
Section 5.1]. Assume that rj is locally integrable in the t variable, in the x variable and 
that for some 6 > 

r^{e) := En [\xp{e {wvvthiw^^+lSvtl)} dt < oo. (5.9) 

Then r] generates a quasiinvariant flow {Xg^t, s,tGl} whose Radon-Nikodym derivative 

Rs,t ■= ^i^^ = exp /* {5vr) {Xt,r) dr 
satisfies, for anyp>l and for all s,tEl for which \t—s\ < ^, 

En {Rs,tr < (1 + 2^ r^(^)) (5.10) 
(This bound is essentially given in [21, Theorem 5.1.3]). Indeed, with i + i = l, 

En{Rs,t{x)f = En{Rs,t{Xs,iX)f-'=Ene' ' ' ' ' 

' \SVr{x 



< 1 + 

b 

P 



< 1 + 



p r - \drir[x)\ 
Ji^''^^ Rs,r{x)dr 

- I^Ej^^'^'^'^^^dr^ + ^ En{RsA^)r dr . (5.11) 



The second row follows from e " < 1 + - j e whenever — a| <7 and f{x) >0 



(here 7 = ^), while the third row follows from Young's inequality yz<^ + ^, yTZ>0. 
The estimate (5.10) now follows by by applying Gronwall's inequality to (5.11). Note that 
for the purposes of (5.10), T^{6) could have been defined in (5.9) without the gradient term. 



Proof of Theorem 5.3 Consider v's finite dimensional "projections" =£'„(??„ (t;^)), 

tGl, which may be written as v^.^^ = v^^^ ovr„, for an appropriate v^.^^^ : Wn Wn- The use 
of the notation V and S below both in (W, fi) and in (WmHn) should cause no confusion. 
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Lemma 5.5 For alltel and neN, vi"-^ eB^^J^Wn) and 

V?jJ"^o7r„ = Vi;(")=E„(7r„(v"«t)7r„)+£;(7r„(v'^5t)7r„), (5.12) 

Svi'^KlTn = SV^""^ =En{Svt) (5.13) 

Proof of the Lemma: Since (5.13) has already been obtained in Proposition 3.6, we only 
need to prove (5.12). Indeed, for iV > n and (^gC^(M^) denote 

(p'{xi,...,Xn)= ■■■ ip{xi,...,Xj^)dtJ,j^_^{Xn+l,---,Xj^). (5.14) 

M 

^ ^ n 

If $ = (^((5ei, . . . , (5e^) then E^^ = 0^{Sei, . . . , Sen) € «5, and since clearly = ^ 
for each i = 1, . . . ,n, it follows that 

VE„^ = "^('^^1' • • • ' ^^n)ei = ^0^ (^ei, . . . , (5e„)ej7r„ = £;„(V$)7r„. 

i=l * i=l * 

For any linear subspace ZoiW, separable Banach space Y and [1, oo), this identity can 
be extended by linearity and density to 

VEnF = En(yF'^7T„ VF G B^^i (F). (5.15) 

On the other hand it is straightforward to check that 

V^TTnF = TrnV'^F VFGD^i(y) (5.16) 

and (5.12) is a direct consequence of (5.15) and (5.16). □ 

Returning to the proof of the theorem, and recalling the definition (5.9), 

rb 



Lemma ^-5 / ^ x 

= EJ ex.p^\^\\En{Trn{'^ Vt)'Kn\\j^^y^,^+\EnSvt\jdt 

< E J exp|£;„(^||7r„V^i;t7r„||^(^^ + ||7r„V^St7r„||^(^j + \5vt\^ 



dt 
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Jensen 
< 



< 



^ 1 
E ex.^e(\\v"ut\\L{H) + \5ut\)dt ■ 



dt 



supE / exp^||7r„V BtTTnWdt 

I n Ja 



< 



(5.17) 



In particular, Vie/, vl""^ ef]^^^LP{nn;Wn) C C'^{Wn,Wn), by the Sobolev embedding 
theorem. Consequently, recalling the facts presented above in the finite dimensional setup, 
vl^^ generates a quasiinvariant flow {Tg^\ s,tG/} on Wn satisfying 

T^f ix)=x + (fff (x)) dr, xeWn (5.18) 



whose Radon-Nikodym derivative 



Ps,t ■- 



d/J-n 



exp j o r/;) dr 



(5.19) 



satisfies, for any p> 1 and for all s,tGl for which \t — s\ < ^, 

En {ff^if < e'' (l + ^ VrVWTVM) . (5.20) 
Here (5.10) was applied with r] = p^"'^ and 6 replaced by |, and making use of (5.17). 

~(n) 

The flow Tg^^' can now be "lifted" from Wn to W by defining 

T^fiu) :=r,y(7r„^) + (a;-7r„a;). 
It is straightforward to verify that T^^^ satisfies the flow equation 

T^f (c) = a; + ^* 4") (rW (a;)) dr. (5.21) 
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and that 



In) ._ 
Ps,t ■ — 



dfjL 



= ° = exp f (5v^^~^) o Tif dr (5.22) 

J s 



in) 

The solution's construction will be completed by showing convergence ofT;7 toaVF-valued 
process Tg^t which will be the required flow. 

Proposition 5.6 Let r}i\rji\ t ^ I, be two cylindrical time- dependent vector-fields 
on W such that Ti{e) := r(^'''')(0) < oo, for some e>0 audi = 0,1 {cf. (5.9) - r(''''')(e) 
should he understood to mean r(^''')(0) where 7yW=7yWo7r„ for some n = n{i) ). 
Let {Lg'^,s,i G /} he the unique flow generated on I hy 77W as ahove. Then for any p > 1 
there exists a finite positive constant c = c{p,9,ro{0),Ti{9)), increasing in its third and 
fourth arguments, such that for any sEL 



E sup 



r[0] 



<c[ I E 



dr 



(5.23) 



Proof of the Proposition: For a fixed p > 1 denote = {t G /, |i — < ^^}- 
Next, let Dt = 77]^' —Vt^^ and for every A G [0, 1] consider the interpolated vector field 



rjl^^ = Aryf^ + (1 — A)r/f = Tyf^ + ADj. Note that by convexity 



r' (^)<ro(^) + ri(^) 



(5.24) 



for every A G [0, 1] . Now let be the fiow r/t'^l generates on /, with induced Radon- Nikodym 
derivative so that setting zfj = dr}^ /d\ yields 



J 



s,teL 



(5.25) 



and it holds that 



Zg(u;) = I^Dr (l^o;) dr + j'^V n^^^L^^ju) zW(a;) dr , 
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and thus by Gronwall's lemma, for all teAg 

J As 

Inserting this estimate in (5.25), and denoting po = ^, qo = ^ ^po^qo~^^' we obtain 

E sup - 4!i(^)IL < E sup ||4ik'^)IL 

teAs teAs Jo 

< (e ||i5,(u,)|C,WH*)™ [e e*''»^''^"l"'ll'.-pW(-)*)* <iA 

and apply Holder's inequality twice with the conjugate pair ^, : 

_P(2_ P-PQ 

The product of the second and fourth factors in the integrand may be estimated using (5.10) 

(/^_^.Kr*)",(|A,,^(i.SJr''«,.)))- 

< (^"^ (e(p-i) + (p+i)r"'^'\e))) 
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p-i 

while the third factor is bounded above by ( T^'"^ ' (^) 1 • This, in conjunction with (5.24), 
completes the proof of the Proposition. □ 



We now apply Proposition 5.6 to the cylindrical vector fields and the flows T^^^ 
they generate as in (5.21). Fix an arbitrary p > 1. By Corollary 3.7 t'^"-* is a Cauchy 
sequence in L*'(/x VF, lebx/i ; W); it thus follows from the proposition, applied with |, that 
there exists a 7 = 7(p, 0)>Q and a VF-valued process {Tg^t'i s,te I and |s — i| < 7} such 
that for all s G /, lim^^^sup^^^ |^_^|^^||r5,t — T^^^^H^ = in probability. (Note that the 

constant c in (5.23) depends (monotonically) on the P'" '(|)'s, but these are uniformly 
bounded - cf. (5.17) ). Furthermore, since we have almost sure uniform convergence along 
a subsequence, Tg^t is almost surely continuous in t. 

For all r,s,tel any two of which are at a distance not larger than 7, the flow prop- 
erty (5.2) obviously holds for T^") and thus for T as well. This allows us to extend Tg^t 
to aU s,t e I: Ts^t{^^) = r^^_i,s^(Ts„_2,^„_i (• • • Ts^^s2{Tsa,si{'^)) ■■■)) for any sequence 
s = so,si, . . . ,Srr^i,Sm = t in I such that — Sj_i| < 7, 1 < i < m. This extension 
{Tg^t, s,tel} is of course independent of the connecting sequence {sj}, is a.s. continuous 
and satisfies the flow property (5.2) as well. 

To show that T^ ^ is quasiinvariant, fix any p > 1 and assume first that \t — s\ < ^0. 

Since T^"^ fj, and /j, are equivalent for every n G N we need to verify that the sequence of 

respective Radon-Nikodym derivatives {p^"^} is uniformly integrable. However, this follows 
immediately from (5.20), and moreover by (5.19) 

Ps,t ■= —7^ = lim = exp / {6vr) o Tt^^ dr 
djJL n-»oo ' Jg 

which is (5.6) (the last equality follows from (5.22) and Lemma 3.6). In addition, taking 
the limit as n — 00 in (5.20) and applying Fatou's lemma, the bound (5.7) is obtained. The 
resulting quasiinvariance then holds for an arbitrary pair s,tE:I by connecting s and t, if 
necessary, by a finite sequence {s,} as above. 

Wc now proceed to show that Tg^t satisfies (5.1). This will be achieved as the limit in 
an appropriate sense of (5.21) as n—yoo, the only nontrivial convergence being that of the 
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integral term. Indeed, again fixing some p>l and assuming |f— s| < 9, 







dr < 




w 





dr 



vr (r^fico)) -4") (r^fico)) II dr (5.26) 



Let £>0 and i + i = l. Since 



E 



[ (||^.(r,,,(a;))|U + ||^.(TW(a;))|U) dr 

J S 

= J^E\\vr\\^ + dr 



< M ||v|| . ^ , < oo 

— II \\ LP {lehx/j,} 



where M doesn't depend on n, there exists an 77 > such that for every measurable B C 
[s,t] X W with {leh Xfi){B)<r) 

J J (^\\vr{TsA^mw + \\vr{T^:r\'^mw) drdi^Ke. 

B 

In particular choose the set B provided by Lusin's theorem ( (lebx ^){B) < r] ) and the 
bounded continuous function g on [s,i]xVF for which vl^^ = g^^c Then, splitting the 
expectation over B and B^, 



limsup / E Vr{Ts,r{0j))-Vr{T^f{uj)) 
n— »oo Js 



dr 



< s + \im I E 

n— >oo 



5(T,,,M)-5(rWM) 



dr = e. 



Since £ was arbitrary, the first term in the right hand side of (5.26) goes to zero. On the 
other hand, and referring to (5.20), the second term is bounded by 



jy\\Vr-V^^^\\^p'i:)dr < C (^jyWVr-vlr^C 



dr 
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with C = ({t-s)e''' [l + ^/TJAOWwW))) ' ■ Thus for all \t-s\ <^0all the terms 

of (5.21) converge to those of (5.1). The latter equation then holds as well for any arbitrary 
pair s,tGl as a result of T's flow property which has already been proved. 

Finally to show uniqueness we first observe that since the vector field vt was assumed 
to possess continuous paths almost surely, any flow Sg^t generated by it is a.s. continuously 
differentiable both in t and in s. For such a flow deflne, for any flxed s£l, 

Us,t = Tt^s ° Ss,t, tel, 

where T is the particular flow constructed above. Our aim is to show that Us,t = for all 
tel, a.s. (here At := ^At). Indeed 

Us,t = ft,siSt,s) + V^Ts,t{Ss,t) vt{Ss,t) = {ft,s + V^Ts,t Vt) o Ss,t. (5.27) 

For every fixed t, and by quasiinvariace, this expression will be for one flow Ss,t if it is 
so for any other. Since it is zero when Ss,t = Ts^t (in which case Ug^ti^) =^)) we conclude 
that Us,t = a.s., G /, for any flow Ss,t- The quantifiers a.s. and can now be 
interchanged since the processes in (5.27) have a.s. continuous paths. This completes the 
proof of Theorem 5.3. □ 



The next result shows that the existence of v's divergence in Theorem 5.3 is "nearly" a 
necessary assumption. 

Theorem 5.7 Let {vt}tei -W^W be a time dependent vector field which generates a 
quasiinvariant flow Tg^t with Radon- Nikodym derivative Ag^f Then Vg Gdomi5 for any 
sGl for which 

exists weakly in L^{n), in which case 6vs = A'^^^. In particular, ifTg^t is measure preserving 
on I then Svg exists and is zero for every sEl. 

Proof: Let $GiS be arbitrary. It is a direct consequence of (5.1) that for every s,te{a,b) 

HXs,t) = ^iXs,s) + J' JVr{Xs,r),V^Xs,r\, dr 
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a.s. 



and thus 

ft 

dr 



EAs,t^ = E^Xs,t) = + Ej^Vr o Xs,r, (V$) o Xs,r)^, 

= E^+ I EKs,rJvr,V^)^,dr. 

J s 

It follows that EKg is differentiable in t and that 



dt 



^^^ = Ej^Vs,V^)^,=E{^5vs), 



where the first equality results from the existence of (5.28), thus proving the theorem. □ 

6 Additional Remarks 

In this final section wc address two additional aspects of the flows introduced in Section 5: 
their adaptedness and their relevance to an associated PDE. 

I. Adapted Flows: 

Let {W,H,ij) be an AWS and {11^,0 < ^ < 1} a continuous, strictly increasing resolution 
of the identity on H. Let ([20], 2.6 of [21]) 



be the filtration induced by II' on {W,H,^). In what follows wc assume that Il^iy* C W* 
for all 6 G [0, 1]. This can be easily verified for the classical Wiener space. 

Definition 6.1 ([20] or Section 2.6 of [21]) An H -valued random variable u is mea- 
surable if {u, h)H is J^e measurable for all h E H. Moreover, u E H is adapted if {u, Il^h)H 
is Te measurable for all 9 G [0, 1] . 

Definition 6.2 A W -valued random variable u is adapted if there exists a sequence of H- 
valued r.v. 's Un n = 1,2, .. . which are adapted and \u — Un\w 0- Let u be aW or W** 
valued r.v. then Il^u £ W** is defined by 

w**^ 'w' w w* 
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We prepare the following lemma for later reference. 



Lemma 6.3 (a)IfU is a quasiinvariant adapted W -valued random variable and a is J-q- 

measurahle, then a o U is also J^g -measurable. 

(b) Let Ui,U2 be as in (a) such that H^Ui = for some 6 € [0,1]. Then if a is a 

J^g -measurable random variable, a o Ui = a o U2- Similarly, if v is a W -valued adapted 
random variable, then U.^ {v o Ui) = 11^ {v o Ui) . 

Proof: Since a is .?^6)-measurable it is the a.s. limit of polynomials in S{Il^h), h G W* 
(recall that we have assumed H^he W*), so that a o [/ is the a.s. limit of polynomials in 
S{Il^h) oU = J^U, U^h)^^. Since U is adapted, each J^U, U^h)^^ is JT^i-measurable and thus 
so is a o U. This proves (a), and (b) follows directly from (a). □ 

Proposition 6.4 Assume that vt{uj) is adapted for every t E I and satisfies the conditions 
of Theorem 5.3 (including the a.s. continuity in t). Let vf^co) := Il^vt{uj) and assume that 
v^iu) satisfies these conditions as well for all 9 G [0, 1]. Then the solution to (5.1).- 




is also adapted. 





s 



(6.1) 




and n^rf i(a;) is JTg-measurable since it is a measurable function of {vf.,re [s,t]} and Il^a;. 



On the other hand, by (5.1) 
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Set Tlt{uj) = U^Ts,t{uj) + U^)uj, then 

TltLO = uj+ I {Xl%r)oTs,r{oj) dr = u + I {U^Vr)oTl^{u)dr. (6.2) 

J S J S 

Comparing (6.1) with (6.2) yields, by uniqueness, rft(a;) = rft(a;). Hence (Tf ^(w), II^/i) = 
{Ts,t{uj),Il^h) is JTg-measurable and since 6 G [0, 1] was arbitrary, T's,t(a;) is adapted. □ 

Remark 6.5 The flow considered by Cipriano and Cruzeiro [2] is of the type considered in this 
proposition. Let {W, H, /i) be the classical d-dimensional Wiener process 

In the case considered in [2] 

d „. 









\ 


UJ = < 

















'^(s)+ / b'iu),s)ds 





and for every 1 < i,j < d, s > 0, the coefficients aj{u),s) and b'^{w,s) are J^s measurable. The 
assumptions in [2] guarantee that v satisfies those of Proposition 6.4. 

II. The equation = 5{A{cu) ■ Vf{t,uj)), (A + = 0). 

Let TfUj, t ^ R, Tquj = o;, be a measure preserving transformation on W . Ttu) is said to be 
a stationary process if for any n, any ti,...,tn, any smooth ^pi{u) and any r 

Law |(/Pi(Ttja;), . . . , ipn{Tt^io)^ = Law ^^(pi{Tt^+ri^) , . . . , (^„(Tt„+^a;)| (6.3) 

A flow which is also a stationary process will be called a stationary flow. Note that if 
Ttu,t G i? is a measure preserving flow then it is also a stationary flow. 

Proposition 6.6 Let A(a;) be a measurable and skew symmetric transformation on H. 
Further assume that A{uj) transforms B>p^i{H) into Op^i(H). Let B{uj) = (5(A(ti;)ej)ej, 
where e^, z = 1, 2, . . . is a smooth ONB on H, converges in L^{ii; W), and assume that TfU, 
t E R solves 

dTfCO 



dt 



B{TtLu), Tquj = u 
32 



and TfU, t E R, is a stationary process. Let fo{i^) be a smooth functional on W, for which 
foiTtiu) e Dp,2. 

Then f(t,uj) := fo{TtUj) solves the equation: 

^^ = <5(A(a;)V/(t,a;)), (6.4) 

/(O,a;) = /o(a;). 

Proof: For any smooth (p{uj) we have by stationarity 

[(/o(rt+,u;) - fo{Ttu)^^{u;)\ = ^E(^fo{Ttuj) ■ ip{T_,uj) - fo{TtUj)<f{u)) 

= Efo{Ttuj)-^(ip{T_,uj) - ^{u)) 
and since {d(p{Ttu)/dt)t=o = S{A{loVip{lo)) (cf. [9] or eqn. 1.10 of [22]) 

E^iu)^^^^ = -£;(/o(Tta;)<5(A(a;)V¥'(a;))) 
integrating by parts yields 

E^iu)^^^^ = -E(v{fo{Ttu;)),AV^) 
= E{d{AVfoiTtCo)Mu;)) 

and (6.4) follows. □ 

Corollary 6.7 If in addition to the assumptions of proposition 6.6, Vf{t,Lo) G W* a.s. for 
every t, then 

= JB{u;), V/(t, a;))^. /(O, co) = fo{u) (6.5) 
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Proof: Let Vf{t,uj) = ^^tpi{t,uj)ei, then since fo{t,u) G ^p,2, ipi{t,oj) G Bp^i and 

oo 

1 

00 oo 

= ^ i^iit, u})6 (^A(u;)ei) - ^ Vipi{t, Lu),A{uj)ei 

1 1 

= (B(a;),V/(t,a;)) -^^V,%/(t,u;)(e,-,Aei) 
= (5(a;),V/(t,a;))-0. 

□ 

In the converse direction 

Proposition 6.8 Let A{uj) be a measurable and skew symmetric transformation on H 
transforming B2,i{H) into B2,i{H). Assume that f^{t,uj) G Bp_2 and Vf^ G W* , j = 
1,2,... solves equation (6.4) for all t and for the initial condition /•'(0,a;) = ^(a;, e^)^^ 
where e^, j = 1, 2, . . . is a smooth ONB on H. Then 

(^) X^i + T?! solves (6.4) under the initial condition Yli Pjf'^i'^j^^) f'^''' ^^2/ /^jiT?- 

(b) Let tp'^{t,Lo) = expiY^^ f-' {t+Tj,Lo), then ip'"{t,Lo) solves (6.4) under the initial condition 

n 

^"(0,a;) = expi^/-'(r,-,a;). 
1 

(c) TfU! defined by 

oo 

Ttu = J2f^{t,u)ej, 

j=i 

is a stationary process. 

(d) If moreover,{6A) possesses a unique solution for every initial fo{Lo) G 115^,2; then TgiTtuj) = 
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Proof: (a) is trivial, (b) since {t, uj) G Dp,2 and A + A-^ = 

j 

j j k 

= J5A,Vf{t,u;))^,. (6.6) 
On the other hand, differentiating ip'^it^u) with respect to t and applying (6.6) yields 

k=l 

= s(^AVip''{t,ujj^ 

proving (b). Turning to (c), by the last equation for tj = 0, j = 1, 2, . . . , 

E4)''{t,uj) = Ei;''{0,iu) (6.7) 

and since is an ONB, it follows that P{t,u)) are A''(0, 1) i.i.d. random variables; hence 
by the Ito-Nisio theorem Ttoo is a measure invariant transformation. Moreover, TtUJ is a 
stationary process since (6.7) holds for any t and any ri,r2, 

To show (d) note first that f^{t,uj) = {Ttui^ei) solves (6.4) under /*(0,w) = {00, Ci), 
hence {Tt+rOJ-,ei) solves the same equation under /o(i^) = {TrLO,ei). On the other hand, as 
in (b), for any smooth fo{u) = /o((w, ei), . . . (w, e^)) /o(Ttw) = /o((Ttw, ei), . . . (Ttw, e„)) 
solves (6.4). In particular set /o(w) = {TrUj,ei), then 

f{t,uj) = {Tru,ei) o TtUJ 
= {Tr{Ttu)),ei) 

and (d) follows by the uniqueness of the solution to (6.4). □ 
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